The Electrostatic Discharge phenomenon is a great threat to all electronic devices and ICs. An electric charge passing rapidly from a charged body to another can seriously harm the last one. However, there is a lack in a linear mathematical approach which will make it possible to design a circuit capable of producing such a sophisticated current waveform. The commonly accepted Electrostatic Discharge current waveform is the one set by the IEC 61000-4-2. However, the over-simplified circuit included in the same standard is incapable of producing such a waveform. Treating the Electrostatic Discharge current waveform of the IEC 61000-4-2 as reference, an approximation method, based on Prony's method, is developed and applied in order to obtain a linear system's response. Considering a known input, a method to design a circuit, able to generate this ESD current waveform in presented. The circuit synthesis assumes ideal active elements. A simulation is carried out using the PSpice software.
Introduction
Electrostatic Discharge (ESD) is not only a natural phenomenon of great interest, but also a great danger for contemporary electronic devices. Both the great energy stored in the charged body and the rapid rise and fall time parameters of the ESD current can pose a great threat for the body-victim [1] [2] [3] [4] [5] . A typical equation describing the ESD current is set by the IEC 61000-4-2 [6] . However, this equation, whose graph can be seen in Figure 1 , is incompatible with the simplified circuit of the ESD generator also included in [6] . A PSpice software simulation can prove this [7] . Figure 1 . Typical waveform of the output current of an ESD generator [6] .
There have been various publications which propose improved circuits for ESD generators [8] [9] [10] [11] . A modified ESD generator with a reference waveform very close to the one defined by the IEC Standard [6] , as well as an equation for the reference waveform, have been proposed in [8] . In another work [9] , the adopted human body model (HBM) is divided into 11 elemental blocks and is treated by the diakoptic method in analogy with network theory, using PSpice software. A recent publication [10] clarifies the parameters that govern the discharge current waveforms of ESD generators, proposing an equivalent circuit model based on the structure and dimensions of the ESD generator. In [11] two accurate and efficient models for electrostatic discharge generators are proposed, which permit reproduction of the discharge current in the contact mode taking into account the load effect.
In this work, the equation included in the last version of the IEC 61000-4-2 [6] , is considered. Treating Prony's Method as reference a quite advanced approximation method is developed. By the use of this method, a linear equation of the ESD current is obtained and an active circuit that realizes this optimal approximation is proposed.
The paper is structured as follows. In Section 2 the equation of the discharge current is introduced. In Section 3 the approximation (modified) method is described and applied to determine the transfer function of the system that produces the ESD waveform as a step response. In Section 4 an active circuit is proposed and its output is determined and compared to the one described in the Standard. Section 5 contains the conclusions.
The Discharge Current of ESD

The Need for an Analytical and Accurate Equation for the ESD Current
The ESD current must follow the shape of an HBM pulse as shown in Figure 1 . This pulse is divided into two parts: The first peak, known as the "Initial Peak", is caused by the discharge of the arm, and generates the maximum current. The second peak is caused by the discharge of the body. The rise time of the initial peak is between 0.6 ns and 1 ns, and its amplitude depends on the charging voltage of the ESD simulator. Figure 2 shows a simplified circuit of an ESD generator [6] .
Figure 2.
Simplified circuit of the ESD generator [6] .
According to the IEC Standard the circuit consists of the charging resistor R c (50-100 MOhms), the energy-storage capacitor C S , the distributed capacitance C d (C S + C d = 150 pF ± 10%), and the discharge resistor R d , representing the resistance of the skin (330 Ohms ± 10%). The equipment under test (EUT) is to be connected to the open tips (Discharge tip, Discharge return connection). It should be mentioned that the reference model of the ESD waveform is the human-metal discharge. It is clear that R d is the total skin resistance and not only that of the skin very close to the discharge point. The value of the energy-storage capacitor C S is representative of the electrostatic capacitance of the human body. Also, in Figure 2 two switches are depicted. When the first switch is closed, the second is opened in order for the capacitor (C S + C d ) to be charged. After the capacitor is charged the first switch opens and the second closes, so the electrostatic discharge on the EUT occurs. Figure 3 is obtained by simulations using PSpice software for an ohmic load of 2 Ohms, for a DC charging voltage of +4 kV. One can easily observe that Figure 3 is different from the waveform defined by the IEC Standard [6] , shown in Figure 1 . The maximum ESD current value is 12 A, whereas the IEC Standard [6] defines 15 A.
Furthermore, in this simulation, there is only one peak at the beginning (hand discharge), in contrast to the typical ESD current (hand and body discharge). This results in errors in obtaining voltages and currents in the EUT when simulations or experiments are carried out. In order to minimize these errors, a new circuit is needed for the ESD generator. 
Equation of the ESD Current
In the last version of the IEC 61000-4-2, an analytical formula for the ESD current is included. It has been proven that this is the most accurate equation, which describes the ESD current [12, 13] . This waveform is given by the following formula: When examining the ESD current of a discharge under a charging voltage of +4 kV, the values of the parameters are: I 1 = 16.6 A, I 2 = 9.3 A, τ 1 = 1.1 ns, τ 2 = 2 ns, τ 3 = 12 ns, τ 4 = 37 ns, and n = 1.8 [6] . The IEC Standard [6] defines intervals for the values of these waveform parameters of the discharge current that an ESD generator has to follow. These parameters are [6] :
 the first peak current (I p );  the rise time (t r ), that is the time duration between the moment when the value of the ESD current is for the first time equal to 10% of its maximum value and the moment when the ESD current reaches for the first time 90% of its maximum value;
 the current at 30 ns (I 30 ns ), that is the value of the current 30 ns after the moment when the current has reached for the first time 10% of its maximum value, and  the current at 60 ns (I 60 ns ), that is the value of the current 60 ns after the moment when the current has reached for the first time 10% of its maximum value.
The intervals for the values of the parameters, defined by the IEC Standard [6] , are presented in Table 1 . An evaluation of the IEC 61000-4-2 equation for the ESD current, with respect to the values of crucial parameters of the ESD current, is shown in Table 1 . 
The Approximation Methods
The Prony Method approximates a function by a sum of exponentials. It has been used in many applications such as analysis of power converter signals, monitoring of electrical machines, analysis of fault currents and signal predicting algorithms [14] [15] [16] [17] . The Prony method is an approximation method which intends to approach a data set by an equation which will present values of a given sub-group of the data set.
As in our case, the Prony method has to be applied on a sample of the given curve which we wish to approximate. A sufficient sampling mode is of essence. This is vital to ensure that the necessary data of the curve will be available, in order not to lose any useful information of its behavior, and avoid distortions. After proper sampling has been applied these points are treated as input in the Prony algorithm (or the modified algorithm which will be shown hereunder). The outcome is a linear systems approximation given in the form of an exponential series.
The Basic Idea
Briefly, the method works as follows: let g d (t) be a continuous function. Let us consider the values of g d (t) as a set of equally spaced points t = kT, k = 0, 1,… and form the matrix:
is the impulse response of a linear, time invariant system of finite order n, it can be written as in (5) 
This is equivalent to saying that any n + 1 columns of the matrix P(N,M) are linearly dependent and for its first n + 1 columns the following relation holds:
where b i are the coefficients of ψ(z), as in (6) . Furthermore, the system of equations: is consistent and has a solution.
The Prony Method
In the general case g d (t) can be approximated by the impulse response of a linear, time invariant system of finite order, say g(t) [18] . The function g(t) is a interpolation of order n, when equation (11) holds:
To determine the order n of the approximation, the rank of the matrix P(N,M) has to be determined [18] . This can be obtained by examining the determinant of the submatrix P(k,k) consisting of the first k rows and the first k columns of P(N,M) for k = 1,2,…, where n is the dimension of the last non zero minor. However since g d (t) does not correspond to a linear time invariant system, the order n is considered as the minimum n so that:
This is equivalent to saying that e q is treated as an equivalent zero for the approximation and n columns of the submatrix P(n,n) are linearly independent. To determine z i 's, the coefficients of ψ(z) are determined from (9) if N is replaced by n. Having obtained the roots of ψ(z), A i 's are determined from (10) if N is replaced by n.
The Modified Method
A more accurate method of tracking the transfer function will be demonstrated in the following. The aim is to use the maximum possible number and not only the first 2n samples in order to obtain the approximation. The matrix P(N,M) is again formed and linearly independent columns in the submatrix P(N,k) consisting of the first N rows and the first k columns of P(N,M) are sought.
If the first n + 1 columns are linearly dependent, the minimum singular value of the matrix P(N,n + 1) is equal to zero. Similar to the standard method, since g d (t) does not correspond to a linear time invariant system, the order n of the approximation is defined as the minimum n such that:
Again e q is treated as an equivalent zero for the approximation. Equations (9) and (10) 
Applying the Approximation Methods
There is an inherent difficulty in applying any approximation method to approximate i(t). This waveform has a very fast mode and a slow mode so if a small sampling period T is chosen, the slow mode is not taken into account while if a large period T is selected the fast mode is ignored. To overcome this difficulty the Prony Method is applied separately on each summand of (1) and the overall approximation is the sum of the two approximations. Since for the Laplace transform the following property holds:
to avoid writing very large numbers time scaling by the factor 10 9 is used, so the time corresponds to seconds. For the approximation of i 1 (t), the sampling period T and the error e q have been taken equal to 0.16 and 10 for the modified approximation method. Note that, for the Prony method, the sampling period T has to be taken such that will produce a system of desired order. So, it is a matter of scanning the examined interval in such detail that will produce a manageable order of the system. On the other hand, the modified method does not follow the same procedure with Prony method. The selected points do not represent values of the outcome curve. Instead, best fitting among them is achieved by generalizes inverses. Thus the choice of T is more matter of how accurate the description will be, assuming a given system order. So, T is taken so small until the improvement in no longer significant. The resulting transfer functions of the systems whose impulse responses approximate i 1 (t) are:  
The outcome of the standard Prony Method is plotted together with (1) in Figure 4 . It can be observed that there is a fairly large deviation between the IEC 61000-4-2 equation and the impulse response that the Prony Method produced. The values of the relative error norms are presented in Table 2 . In the time interval between 2 ns and 60 ns, which is considered to be the one of the highest interest, the Prony Method gives an average relative error norm which reaches the value 5.69 % (0.5 nsec step was used for the relative error calculation).
In Figure 4 the impulse response produced by the modified method is also plotted. Compared to the plot of (1), one can observe an excellent result. In Table 2 the relative errors of the method are also shown. The improvement of the relative error is considerable. 
The Transfer Function
The Prony Method as well as the Modified Method approximate the ESD current by the impulse response of a system S having transfer function g (s) . If the step response is required for the approximation, the transfer function G(s) of the resulting system S' has to satisfy the relation:
Taking into account (14) , if (20) is applied to (21), the required transfer function is: 
The Circuit
The above transfer function is realized as a cascade connection of biquads. The pole-zero pairing and the place of each biquad were selected using standard rules. For each one of the first seven factors, a circuit of the following form was considered: Figure 5 . Form of the inverting connection used to design circuit that corresponds to factors 1 to 7 of the transfer function.
A Friend's circuit [18] , depicted in Figure 6 , was used for creating a circuit that corresponds to the last factor of the expression of the transfer function G(s). The output of the simulation is presented in Figure 8 , along with the plot of (1) and the upper and lower limits set for the ESD current waveform by the Standard [6] in Annex A. The average relative error that appears between the output of the simulated circuit and the (1) equation is 4.11 % (0.5 nsec step for error calculation). Therefore, the circuit designed is considered to operate very well. The circuit's output meets all requirements for the ESD current waveform included in the Standard [6] . Figure 9 , together with the IEC 61000-4-2 Standard equation for the ESD current at +4 kV and the tolerance set by the Standard.
Conclusions
The problem of the insufficiency of the circuit proposed by IEC 61000-4-2 Standard [6] for the ESD generator to produce such an ESD current waveform as the Standard [6] itself demands is addressed in this paper. A new approximation method was presented and employed for the approximation of the IEC 61000-4-2 ESD current as the step response of a linear time invariant system. The method had to be applied separately on each one of the summands due to the stiffness of the waveform, and gave very accurate results for the ESD current waveshape, delivering a system of 9th order. An ideal element design of a correspondent active circuit took place in the form of chain connected biquads. Simulations were successful; the ESD current output is very close to the theoretical one.
